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A detailed investigation was carried out on a silty sand from Bosˇtanj, Slovenia, in order to identify the role that particle breakage
plays in test interpretations and mechanics. The soil was tested up to a high pressure in the triaxial and oedometer apparatus.
Unexpected for a silty sand, the basic patterns of behaviour, in terms of strength and stiffness, were found to be similar to those of many
previously investigated clean sands, with unique and parallel Normal Compression and Critical State Lines at higher stress levels and a
horizontal asymptote to the Critical State Line at lower stress levels. The stiffness was controlled primarily by the state of the soil
relative to the location of these lines. Despite the better grading, there was still very signiﬁcant particle breakage. However, the breakage
was largely conﬁned to the coarse fraction. The grading curves after various tests all showed convergence with the initial grading
towards 1 mm, which may therefore represent the comminution limit. It is believed that it is the particle breakage that caused the
behaviour to follow a simple Critical State type of framework and why transitional or non-convergent compression behaviour was
not found.
& 2013 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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nder responsibility of The Japanese Geotechnical Society.and Jefferies, 1985; Verdugo and Ishihara, 1996). In some
cases, the role of particle breakage at higher pressure levels
and/or for weaker particles has been emphasised (Coop
and Lee, 1993; Pestana and Whittle, 1995; McDowell and
Bolton, 1998), and it has often been shown that at these
higher pressure levels the behaviour may be described
relatively simply, using parallel Normal Compression and
Critical State Lines, both of which are related to the degree
of particle damage (Coop and Lee, 1993). Within this high
pressure region state, boundary surfaces may be identiﬁed,
the shape of which are modiﬁed both by the breakage and
the wider spacing between the Normal Compression and
Critical State Lines. The stiffness of sands is also relatively
easy to analyse within this higher pressure domain. Jovicˇic´
and Coop (1997) showed that a simple state parameter
type of model worked well and that there was no need tog by Elsevier B.V. All rights reserved.
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functions for void ratio (e) and mean stress (p0), since the
void ratio and the stress level were strongly linked in this
region. However, at lower stress levels, the Critical State
Line curves towards a horizontal asymptote (Verdugo and
Ishihara, 1996) and the compression paths from different
initial densities remain substantially parallel, leading some
to model them as an inﬁnity of different Normal Compres-
sion Lines (Jefferies, 1993). In each of these cases, the
interpretation of the role of particle breakage was pivotal
in interpreting the mechanics of these materials.
More recent research has tended to emphasise the
difﬁculties within these simple concepts even for clean
sands. Altuhaﬁ and Coop (2011) found that in compres-
sion the degree of breakage on the Normal Compression
Line was not unique for a given stress, but depended on
the initial density of the sand. Through ring shear tests at
very large strain levels, Luzzani and Coop (2002) showed
that particle breakage could occur even at relatively low
stress levels for stronger particles, such as quartz, and
Coop et al. (2004) found that breakage would continue at
strain levels far beyond those reached in laboratory
element tests, such as triaxial tests, although at a much
reduced rate of breakage. Any Critical State that was
measured in triaxial tests was only apparent and not truly
a state of constant stress, volume or grading. An apparent
constant volume could be achieved through a balance
of a dilative component of volumetric strain, arising from
particle rearrangement, and a compressive component
from the continued breakage.
Using breakable particles in their DEM analyses, Cheng
et al. (2005) identiﬁed that the Critical State Line was not
unique, but would move in the e:ln p0 plane with the degree
of breakage and continued volumetric strain that Coop
et al. (2004) had observed. This was again veriﬁed experi-
mentally by further ring shear tests by Sadrekarimi and
Olsen (2010). This led Kikumoto et al. (2010) to propose a
model in which there is a family of parallel Critical State
Lines for increasing degrees of breakage. The single unique
line seen at higher pressure levels in earlier work is then
simply the locus of the end points of the family of lines for
increasing stress levels and degrees of breakage. This model
was investigated experimentally by Bandini and Coop
(2011) who found that a large amount of breakage was
required to signiﬁcantly move the Critical State Line, and
that for many applications the assumption of a unique line
would be reasonable. Nevertheless, the use of a unique
Critical State Line here is an assumption that would be
expected to break down at very large strain levels.
For silty sands, considerable work has been done to
investigate the effect of the added ﬁnes on the properties of
a soil, especially its density (Lade and Yamamuro, 1997),
the location of the Critical State Line in the e:ln p0 plane
(Zlatovic and Ishihara, 1995; Thevanayagam et al., 2002;
Murthy et al., 2007) and its propensity for static liquefac-
tion (Lade and Yamamuro, 1997; Carrera et al., 2011).
Attempts have been made to normalise the effects ofadding ﬁnes to sands and to deﬁne the unique Critical
State Lines by means of skeletal or inter-granular void
ratios (Vaid, 1994; Thevanayagam and Mohan, 2000; Chu
and Leong, 2002; Ni et al., 2004). Others have emphasised
the effect of the fabric created by the sample preparation
method for silty sands, showing a large inﬂuence on the
stress–strain behaviour even affecting the location of the
Critical State Line (Vaid and Sivathayalan, 2000; Wood
et al., 2008; Yamamuro et al., 2008), while others have
found that the location of the Critical State Line was not
affected by the preparation method (Murthy et al., 2007).
The effect of the fabric induced by adding ﬁnes has often
been emphasised in analysing the tendency for static
liquefaction, and ‘‘instability lines’’ have been deﬁned as
the locus of peak deviator stress where the soil starts to
strain soften towards low strengths and p0 values (Chu and
Leong, 2002), although Jefferies and Been (2006) have
criticised the terms ‘‘instability line’’ and ‘‘collapse sur-
face’’ (Sladen et al., 1985), since they do not actually
correspond to any instability in the structure.
Recent research on soils with intermediate grading, such
as silty sands, has tended to emphasise their ‘‘transitional’’
mode of behaviour, with compression paths that do not
converge in the e:ln p0 plane, even at very large stress levels
and also Critical State Lines that are dependent on the
initial void ratio (Yamamuro and Lade, 1998; Martins
et al., 2002; Ferreira and Bica, 2006; Nocilla et al., 2006).
For these soils, the ability of the soil to sustain different
void ratios at the same stress level must represent the
effects of a robust form of fabric. Altuhaﬁ and Coop
(2011) have found that as the initial grading of a sand
changes from poor-graded to well-graded, so the compres-
sion behaviour changes from one that is convergent with a
well-deﬁned Normal Compression Line, that is a function
of particle breakage, to a non-convergent type for which
there is no measurable breakage. Altuhaﬁ and Coop (2011)
measured the particle breakage with a laser particle
scanner that allowed the changes in grading within the
ﬁnes fraction to be easily quantiﬁed. However, there is
little other work in the literature on the role of particle
breakage in better-graded sands and silty sands. This is
perhaps partly because breakage is often deﬁned simply
by using sieving, as it is technically more difﬁcult to get
sufﬁcient accuracy from gradings measured by sedimenta-
tion. There is also little work in the literature about the
mechanics of silty sands at higher stress levels or on how
the stiffness may be analysed within a Critical State
framework. These are the topics that are addressed in
this paper by means of a detailed investigation of the
mechanics of the Bosˇtanj silty sand from Slovenia.
2. Bosˇtanj silty sand
The silty sand was sampled from the sub-soil beneath a
railway embankment close to the Sava River near the
village of Bosˇtanj in Slovenia. It is alluvial in origin, and its
grading curve, measured with sieving and sedimentation, is
Table 1
Mineralogical–petrographic analysis of soil.
Mineral/rock % by Volume for
o0.063 mm
% by Volume for
40.063 mm
Sedimentary rock
Limestone, dolomite 64.6 67.6
Siltstone 3.2 4.4
Sandstone 7.9 8.3
Chert 2.1 1.9
Tuff 2.5 3.4
G. Vilhar et al. / Soils and Foundations 53 (2013) 91–104 93given in Fig. 1. It has a 30% non-plastic ﬁnes content
and a coefﬁcient of uniformity, Cu, of 0.72, and a D50 of
0.11 mm. If the grading curve is plotted using log:log axes,
it plots close to a straight line, indicating a fractal grading.
However, the fractal dimension of the grading is only 2.15,
which is well below the limiting fractal grading with
dimensions of 2.5 found by McDowell and Bolton (1998)
in compression or of 2.57 given by Coop et al. (2004) for
the terminal grading in shear at high stress levels and very
large strain levels, indicating that the soil might still have
some signiﬁcant potential for breakage.0.001 0.01 0.1 1
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Fig. 1. Natural particle size distribution.
Fig. 2. Scanning electron micrograph of loose particles.
Volcanic rock
Porphyry, keratophyre 0.7 1.9
Mineral
Quartz 13.3 9.8
Mica 2.7 1.7
Heavy minerals 3.0 1.0
Total 100 100Fig. 2 shows a Scanning Electron Micrograph showing
the particle shapes to be predominantly sub-angular.
A quantitative mineralogical–petrographic analysis was per-
formed using a petrographic microscope with transmitted
polarised light, examining the coarse and ﬁne fractions
separately, as shown in Table 1. This indicated that the two
fractions are very similar in composition with approximately
65–68% limestone/dolomite and approximately 18–21%
sandstone/quartz, with smaller amounts of non-clay minerals,
such as mica, and minerals of rock siltstone, porphyry, chert
and tuff.3. Apparatus and procedures
Triaxial and oedometer tests were carried out on Bosˇtanj
silty sand. The triaxial tests are summarised in Tables 2–4.
Mostly the samples were reconstituted, but two were intact
rotary cored samples, although it was not the objective of
this research to examine any effects of intact structures by
comparing the two. The reconstituted samples were pre-
pared by wet compaction to avoid segregation, using a
range in degrees of compaction to achieve different initial
densities. Ten layers were used for the triaxial samples and
three for the oedometer. To control the grading tightly, the
soil had initially been sieved into its component grading
and each sample was then recomposed using identical
grading. The sample diameters were 38 mm for the lower
pressure triaxial tests and 50 mm for the high pressure
tests, while the lower pressure oedometer tests were 50 mm,
reducing the diameter to 38 mm to achieve higher pressure
levels up to 32 MPa.
Two standard pressure range triaxial apparatus were
used. The ﬁrst, at the Slovenian National Building and
Civil Engineering Institute (ZAG), was of a conventional
type, mounted in a loading frame, but fully instrumented
Table 2
Summary of triaxial tests conducted at Imperial College.
Name Apparatus Type of test ec p
0
c (kPa)
BO-I-A HP CD (const s0r) 0.499 4002
BO-I-B HP CD (const s0r) 0.486 4001
BO-I-C B&W CD (const s0r) 0.698 399
BO-I-D B&W CD (const s0r) 0.785 50
BO-I-E B&W CD (const p0) 0.784 15
BO-I-F HP CD (const s0r) 0.589 1403
BO-I-G B&W CD (const s0r) 0.650 100
BO-I-I B&W CD (const p0) 0.667 50
BO-I-J HP Iso C 0.480 4701
HP—high pressure apparatus, B&W—Bishop & Wesley apparatus.
CD (const s0r)—consolidated drained at constant radial effective stress.
Iso C—isotropic compression only, CD (const p0)—consolidated drained
at constant mean effective stress.
ec, p
0
c—values of e and p
0 after isotropic compression.
Table 3
Summary of triaxial tests conducted at ZAG on denser samples
(eco0.65).
Name Apparatus Type of test ec p
0
c (kPa)
BO-V Std. CU 0.641 296
BO-Z Std. CU 0.625 394
BO-G Std. CU 0.588 89
BO-R Std. CU 0.525 187
BO-S Std. CU 0.609 298
V-2A Std. CU 0.634 98
V-2B Std. CU 0.629 197
Std., conventional triaxial apparatus; CU, consolidated undrained.
Table 4
Summary of triaxial tests conducted at ZAG on looser samples
(ec40.65).
Name Apparatus Type of test ec p
0
c (kPa)
BO-I Std. CU 0.751 95
BO-K Std. CU 0.692 99
BO-N Std. CU 0.717 95
BO-M Std. CU 0.749 199
BO-Q Std. CU 0.679 194
BO-L Std. CU 0.661 194
BO-T Std. CU 0.738 297
BO-Y Std. CU 0.677 390
BO-AC Std. CU 0.667 396
G. Vilhar et al. / Soils and Foundations 53 (2013) 91–10494for stress and strain. The other, at Imperial College, was
a computer-controlled hydraulic stress path apparatus
(Bishop and Wesley, 1975) ﬁtted with two local axial
strain transducers of an inclinometer type (Jardine et al.,
1984). The third triaxial apparatus, again at Imperial
College, was a high pressure stress path apparatus, with
a cell pressure capacity of 5 MPa, which had two local
axial strain transducers and a radial strain belt, both based
on LVDTs (Cuccovillo and Coop, 1997).
Both the high pressure and the standard pressure
hydraulic apparatus were ﬁtted with platen mountedbender elements, measuring Gvh, the elastic shear modulus
for vertical propagation and horizontal polarisation.
A single shot sine wave was used as the transmitted signal,
and the arrival was interpreted in the time domain.
A range in input frequencies was used, from 3 to 40 kHz,
selecting a consistent feature of the received waveforms as
the ﬁrst arrival. The arrival times derived from the time
domain were also checked with frequency domain ana-
lyses, which were found to agree well.
Good saturation of each sample was achieved by ﬁrst
applying a vacuum to the top while it was on the platen
and still within its mould. Then, a back pressure was
applied at the start of the tests. In all cases, the B values
were greater than 95%. Typically the tests consisted of
isotropic compression, followed by either drained or
undrained shearing in compression. For two tests, the
drained shearing followed a constant p0 path.
In the assessment of whether or not the compression
curves from different initial densities converge to a unique
Normal Compression Line, or whether the Critical State
Line is also independent of the initial void ratio, a good
accuracy of the measurement of the void ratio is para-
mount, and it is also important that the measurement can
be veriﬁed by some independent means. In each case,
therefore, the initial void ratio was calculated from both
the initial dry density and the ﬁnal water content, account-
ing for the volumetric strain measured during the test. The
values reported in Tables 2–4 are averages from the two
methods for the void ratio of the soil at the start of
shearing, ec. A rough estimate of the likely error in e may
be made by taking half the difference of the two e values,
and any test for which this was greater than 0.08 was
discarded. The quality of the e measurements improved
through the duration of the project; for the tests carried
out at Imperial College, an average error of about 70.01
was achieved. It was also found that the accuracy was
better for denser samples, and that the same error was
found for the denser samples tested in the conventional
apparatus. However, for the looser samples, the mean
error rose to 70.03, but even this is similar to the
accuracies achieved by other researchers using similar
techniques in similar soils (Nocilla et al., 2006).
A key element of the research carried out was to
investigate the role of particle breakage, and especially
that of the ﬁnes. Three different techniques were used.
A few gradings were carried out using the standard
techniques of sieving and sedimentation. These were
mainly used as a control for the other methods. The main
technique involved the use of an image analysis with a
QicPic laser scanner. This apparatus scans each particle
falling past the laser, giving a silhouette of its shape, from
which shape and size parameters can be derived. Each
sample was ﬁrst separated into coarser and ﬁner fractions
by washing it through a 63 mm sieve. For the coarser
particles, a gravity-fed system was used on the QicPic with
a lower magniﬁcation lens, giving a resolution of about
10 mm. For the ﬁnes, a circulation system that suspended
10 100 1000 10000
p' (kPa)
0.4
0.5
0.6
0.7
0.8
0.9
e
(-) ISO-NCL
Fig. 4. Isotropic compression test data.
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lens, giving a resolution of 2 mm. A gravity feed of 5 g of
soil was used for each measurement. If too much is used,
the images of the falling particles may overlap in two
dimensions. And while the system may be trained to reject
overlapping images, they should be minimised. The soil
passing through the apparatus is also lost and cannot be
used again. Therefore, three measurements were taken for
each and then the average was found. The water circula-
tion system can only suspend a small quantity of soil, and
0.5 g was used, taking an average of seven separate
measurements. The gradings for the ﬁne and coarse
fractions were then spliced to provide the ﬁnal overall
grading. The QicPic software gives several different mea-
surements of particle size, and the one chosen here is the
Feret-minimum, which has generally been found to pro-
duce results that are closest to the sieve test data (Altuhaﬁ
and Coop, 2011). The Feret-minimum diameter is the
smallest distance between two parallel lines that enclose
the particle silhouette. Here, a distribution based on the
two-dimensional surface areas of the images was used
rather than volume; the two were found to be quite similar,
but the distribution based on area was slightly closer to the
sieve data. Due to the limited resolution of the QicPic
apparatus, several gradings were repeated using a laser
diffraction apparatus, which has a much better resolution
of about 0.1 mm.4. Compression
The oedeometer test data in Fig. 3 show that samples
from different initial densities have compression paths that
converge to a unique one-dimensional Normal Compres-
sion Line at higher stress levels, and there is no sign of1 10 100 1000 10000
σv' (kPa)
0.2
0.4
0.6
0.8
1
e
(-)
1D-NCL
Fig. 3. Oedometer test data.non-convergent or transitional behaviour. Very similar
data were found for the isotropic compression data in
Fig. 4. The gradient of the isotropic Normal Compression
Line, l, of 0.105 and its projected intercept at 1 kPa
N¼2.364 (in terms of speciﬁc volume, v¼1þe) are
relatively low, and thus, are consistent with the well-
graded nature of the soil.
Throughout this paper, a conventional linear void ratio
axis has been chosen. Others have given justiﬁcation for a
logarithmic speciﬁc volume axis (Butterﬁeld, 1979) or a
logarithmic void ratio scale (Pestana and Whittle, 1995).
Based on the fractal theory for particle crushing,
McDowell (2005) proposed a micro-mechanical explana-
tion for the linearity of a normal compression line for clean
sands provided that a logarithmic void ratio scale is
adopted. Russell (2011) also formulated his model for
sands using a logarithmic void ratio scale, which gave
straight normal compression lines extending to high stress
levels and low void ratios and avoided the problem of a
horizontal asymptote as the void ratio approaches zero.
However, when the data for this better-graded soil are
plotted with a logarithmic void ratio scale, the unique
normal compression line that is reached at higher stress
levels becomes convex, and so the conventional linear void
ratio axis has been used.5. Shearing
Typical shearing data are shown in Fig. 5 and stress
paths are given in Fig. 6. The pore pressure changes for the
undrained tests are shown as values of ru (¼Du/p0c). As
expected, the loose samples were contractive and dense
dilative, the loosest even reaching static liquefaction. In
each case, the data indicate that a stable Critical State
strength is reached at modest strains in the region of
20–40%, although as Coop et al. (2004) have shown, for
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tests and drained lower pressure tests and (c) high pressure tests.
G. Vilhar et al. / Soils and Foundations 53 (2013) 91–10496soils which undergo particle breakage any constant volume
state indentiﬁed at this strain level must be a transient state
as the particle damage would actually continue to verylarge strains, causing further volume changes. In light of
the particle breakage that will be discussed later, it is again
noticed that, as has been observed for other sands by Coop
1 10 100 1000 10000
p' (kPa)
0.3
0.4
0.5
0.6
0.7
0.8
e
(-
)
Peak points
CSL curved part:
e = 0.799 - 0.12 (p'/100)0.363
CSL
ISO-NCL
Starting point of
straight CSL
Fig. 8. Peak deviator stress points from undrained tests on loose samples.
G. Vilhar et al. / Soils and Foundations 53 (2013) 91–104 97and Lee (1993), the breakage at higher stress levels does
not affect the Critical State Line gradient, M, which
remains at 1.40, corresponding to a Critical State angle
of shearing resistance, f0cs, of 34.61. The loop that appears
at the end of the dilative undrained stress paths is believed
to be the result of strain localisation, as clear shear planes
were observed in these samples.
The state paths, along with the end of the test points, are
shown in the e:ln p0 plane in Fig. 7. The Critical State Line
was chosen giving the greatest weight to the tests for which
the void ratios were most reliable, i.e., those carried out at
Imperial College and those on denser samples, which are
shown with closed symbols. The scatter of the remaining
points, shown with open symbols, is consistent with their
estimated accuracy which is in the region of 70.03. At
higher pressures, above 1000 kPa, the Critical State Line is
parallel to the Normal Compression Line, with a projected
intercept at 1 kPa, G of 2.248 (in terms of v). The rather ﬂat
Critical State Line (l¼0.105), which results from the well-
graded nature of the soil, tends to emphasise the scatter in
the void ratio data. The ratio of p0 at a given void ratio on
the Normal Compression and Critical State Lines is 3.0,
this wider spacing being typical of sands in the higher
pressure region dominated by particle breakage (Coop and
Lee, 1993).
At lower stress levels, the Critical State Line curves
towards a horizontal asymptote. The curved part of the
line can be approximated with the equation shown on the
ﬁgure, the form of which was proposed by Li and Wang
(1998). Although contrary to their assertion, the Critical
State Line does eventually become straight at high pressure
levels. The division of p0 by atmospheric pressure (100 kPa),
seen in the equation, is to non-dimensionalise it. The
curvature of the Critical State Line dictates that there is
an evolution from strong strain softening, approaching true
static liquefaction (i.e., p0 ¼0) for tests with initial states
near the horizontal asymptote (e.g., Test BO-N), to less1 10 100 1000 10000
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Fig. 7. State paths and end of test states.pronounced strain softening at higher stress levels and lower
initial e values (e.g., Test BO-Z). Similar patterns have been
seen by others, including Carrera et al. (2011). The peak
points from the undrained stress paths in Fig. 6(a) are
plotted in the e:ln p0 plane in Fig. 8. Many authors refer to
these as ‘‘instability points’’. As was found by Carrera et al.
(2011), they form a locus running from the horizontal
asymptote towards the Critical State Line at higher stress
levels.6. State boundary surfaces
In the region of parallel Normal Compression and
Critical State Lines at higher stress levels, Coop and Lee
(1993) showed that State Boundary Surfaces could be
identiﬁed for sands. The same normalisation has been
used here in Fig. 9(a), using p0p as the normalising
parameter. This is the current preconsolidation pressure,
taken as the intercept between a swelling line passing
through the current state and the Normal Compression
Line, so that
p0p ¼ exp
Nvklnp0
lk
 
ð1Þ
From the isotropic swelling data, a value for k of 0.008
was used. The void ratios for the two highest pressure tests
have been adjusted slightly so that their values at the end
of isotropic compression lie perfectly on the Normal
Compression Line. The resulting plot is a little scattered,
but essentially identiﬁes that as for the sands tested by
Coop and Lee (1993), the State Boundary Surface for this
silty sand has its Critical State to the left of the apex, a
feature that was predicted for soils with deformable
particles by Chandler (1985) and so might also be expected
for breakable particles. The Hvorslev surface has only been
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boundary surface identiﬁed by drained tests would be
higher, as Coop (2003) highlighted.
The principle defect with Fig. 9(a) is that this type of
normalisation can only be applied to the straight part of
the Critical State Line and not the curved section which
covers the most useful stress range for engineering practice.
A second normalisation is therefore shown in Fig. 9(b), in
which an equivalent pressure, p0cs, is taken on the Critical
State Line at the current void ratio, regardless of whether
the straight or the curved portion is used. Due to the
scatter in the values of the void ratios, the ﬁnal values have
been adjusted to be on the chosen Critical State Line. The
resulting plot illustrates the problems of deﬁning the
unique State Boundary Surfaces at high void ratios and
low stress levels. The high pressure tests in the region of the
straight part of the Critical State Line deﬁne a unique
surface as in Fig. 9(a). There is also reasonable agreement
between the shapes of the paths for drained and undrained
loading. However, for the curved part of the Critical State
Line, the initial states plot increasingly higher values for
p0/p0cs as the void ratios increase, indicating how the initial
states can become increasingly far from the Critical State
Line as it approaches its horizontal asymptote. It is
difﬁcult, therefore, to identify any unique surface. And,for any sample that undergoes static liquefaction, the
normalisation would break down completely because it
would be above the asymptote.7. Elastic shear stiffness
The measurements of Gvh, made during isotropic com-
pression, are plotted in Fig. 10. This silty sand shows the
same pattern of behaviour as was observed for the sands
tested by Jovicˇic´ and Coop (1997). Initially, the stiffness
depends on the density, but just as the compression curves
converge towards a unique Normal Compression Line in
the e:ln p0 plane, the stiffness converges to a unique line,
representing the elastic stiffness on the Normal Compres-
sion Line. The form of the equation representing this line,
G0¼Ap0n, is the same as that used for normally consoli-
dated clays (Viggiani and Atkinson, 1995) and also by
Jovicˇic´ and Coop (1997) for sands on their Normal
Compression Line; the values for G and p0 are sometimes
normalised with a reference pressure p0r taken as 1 kPa to
make A and n dimensionless. It is interesting that as Jovicˇic´
and Coop observed, the tendency to reach a unique line in
terms of stiffness occurs before reaching a unique line in
terms of volume.
Jovicˇic´ and Coop also identiﬁed that the stiffness of a
sample that was overconsolidated by unloading from the
Normal Compression Line was signiﬁcantly higher than
that of a sample at the same volume and stress, but having
reached that state by means of compaction and only ﬁrst
loading in compression. As shown in Fig. 10, the stiffness
of the overconsolidated sample seems higher, but a correct
comparison requires normalisation for the different volumes.
An equivalent pressure is again used to do this, so p0/p0e in
Fig. 11(a) represents the distance from the isotropic Normal
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p0p ¼ exp
Nv
l
 
ð2Þ
The stiffness is similarly normalised by the value for
Gvh at the current p
0 on the Normal Compression Line in
terms of stiffness (i.e., Gvh(nc)¼Ap0ncurr where ‘‘curr’’ is an
abbreviation of ‘‘current’’). The resulting graph is again
very similar to those found by Jovicˇic´ and Coop and shows
that all the samples that are undergoing ﬁrst loading fall
on one curved line; these are referred to as ‘‘compacted’’
no matter what their initial density, the denser samples
plotting at lower initial values of p0/p0e. The overconsoli-
dated sample has signiﬁcantly higher stiffness, which isattributed to the effect of particle breakage that occurred
at NCL prior to unloading.
As shown in Fig. 11(b), the state of the soil in the e:ln p0
plane has been quantiﬁed by means of the state parameter,
c¼ecurrecs, where ecs is the value of the void ratio on the
Critical State Line at the current p0 (Wroth and Bassett,
1965; Been and Jefferies, 1985). If the state parameter was
calculated based on a straight Critical State Line, the
method would produce similar results to the p0/p0e normal-
isation, but here the value of c has been taken on the
curved Critical State Line for consistency with that of
previous authors (Been and Jefferies, 1985). This method is
less successful as a means of deﬁning the stiffness, since
the data are much more scattered and do not distinguish
between overconsolidated and compacted samples.
8. Stiffness at larger strain
As shown in Fig. 12, the bender element stiffness has
been compared with the monotonic measurements from
drained tests. The monotonic measurements are the tan-
gent stiffness calculated by taking the gradients through
short sections of the stress–strain curves. The deviatoric
strain (eq) has been calculated as eaev/3 using the volume
gauge measurements for the volumetric strain, ev and the
mean of the local axial strains for ea at small strains,
switching to the external axial strain transducer at large
strains. The resulting stiffness may be termed an equivalent
shear modulus, Geq. Its comparison with Gvh and the
calculation of eq in this way depend on the soil being
isotropic. Unfortunately, no measurements were taken of Ghh
for comparison, but the strain measured towards the end of
the isotropic compression stage was close to isotropic and the
close agreement seen between the Geq and Gvh data conﬁrm
that this was a reasonable assumption.
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strain of 104%. From the monotonic data, no plateau of
constant stiffness may be seen so that the elastic range of
behaviour must be limited to strain levels less than about
0.003%. Values for Geq have then been interpreted from
the smoothed lines through the data in Fig. 12, which are
then plotted in Fig. 13, considering only the contractive
samples from the loosest states, which for the higher
pressure levels are on the Normal Compression Line.
The resulting contours of stiffness at different strain levels
have then been interpreted so as to give a consistent
evolution with p0 and the strain level. The contours may
again be represented by an equation with the form
G¼Ap0n. As Jovicˇic´ and Coop (1997) found, the values
for A and n decrease and increase with the strain level,
respectively.9. Particle breakage
The ﬁnal particle size distributions following the oed-
ometer and the drained triaxial tests, which were measured
with the QicPic image analysis, are shown in Fig. 14. For
both the oedometer tests and the drained triaxial tests,
the amount of breakage increases with the maximum p0
applied (p0max), but there is little breakage for the lower
stress tests (BO-I-D and BO-I-G). Of key interest is the
shape of the curves which tend to converge at small
particle sizes, demonstrating that the ﬁner particles do
not break. This conclusion needs to be justiﬁed carefully as
the main defect of the QicPic in this context is that the
resolution is 2 mm/pixel, so the apparatus will not register
anything smaller and the curves must therefore converge
here. However, it can be clearly seen that the convergence
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even at 0.01 mm there is a considerably smaller movement
of the curves than there is at larger sizes.
Cumulative distributions are difﬁcult to interpret and
the nature of the breakage can be seen more clearly by
plotting the data as a density distribution (Fig. 15). To
smooth some scatter in the QicPic data, a running average
of ﬁve successive data points has been used. There is a net
decrease in the proportion particles with sizes above about
0.1 mm and a net increase below 0.1 mm. If any breakage
was concealed within the net increase of the ﬁnes, the
broken products should appear at even smaller sizes.
However, the convergence of the grading curves at verysmall sizes is again conﬁrmed by the small proportion of
particles below about 5 mm, which remains small even after
loading. It can be concluded, therefore, that the ﬁnes
do not contribute signiﬁcantly to the breakage. Since the
mineralogical analyses indicated that there were no sig-
niﬁcant differences between the coarse and the ﬁne frac-
tions, it is unlikely that these differences in breakage are
the result of different particle strengths due to differences
in mineralogy for the different sizes of particles.
Due to resolution issues with the QicPic, two additional
methods were used to verify the results. Firstly, standard
particle size distributions were carried out using sieving
and sedimentation for the untested soil and also for Tests
BO-I-B and BO-I-F (Fig. 14(b)). The shapes of the curves
are consistently different from those of the QicPic, but
each method has its own deﬁnition of particle size and its
own assumptions, so neither can be regarded as correct.
However, these distributions also converge as the particle
size decreases towards 1 mm.
The third method used was laser diffraction (Fig. 16).
These again differ from the sieve/sedimentation and image
analysis data, but also conﬁrm the tendency for the grading
curves to converge at around 1 mm. The density distributions
in Fig. 16(b) have been calculated with a three-point running
average. They again indicate that there is a net decrease in
particles above about 0.06–0.07 mm and a net increase below
about 0.06–0.07 mm. The density distributions also show that
although there is a signiﬁcant difference in the amount of
breakage for isotropic compression, one-dimensional com-
pression and shearing, the location of the breakage within the
grading curves is similar.
Smaller particles tend to have larger tensile strength than
larger ones (e.g., Nakata et al., 2001; McDowell, 2002).
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demonstrated that larger particles tend to survive and that
this was the result of them having larger coordination
numbers, giving the particles greater support under load.
They found that this effect dominated over the reduced
strength of the larger particles making the particle size
distributions rotate around the maximum particle size as
compression continues, tending towards a fractal distribu-
tion. Coop et al. (2004) observed similar changes in shearing
to very large strain, with rotation of the particle size
distribution curve and a large increase in the amount of
ﬁnes. However, McDowell and Bolton (1998) only exam-
ined quite coarse materials so that the breakage of the ﬁneswas not investigated. Coop et al. (2004) carried out most of
their grading analyses with sieves and had only a few
scattered data from sedimentation analyses of the ﬁnes,
from which little could be concluded about the contribution
of the ﬁnes to breakage. Theoretically, there should be a
minimum particle size that should fracture, and smaller sizes
should yield plastically before they break (Kendall, 1978).
For many rock minerals, this comminution limit is in the
order of 1 mm, which is interesting as this is about where the
grading curves presented here seem to converge.
It is convenient to quantify particle breakage with a
single number so that it may be compared with other
variables such as the stress or strain applied, although any
single number will inevitably conceal important informa-
tion about the nature of the breakage. There are a variety
of methods proposed by different authors. For example,
Miura and O-Hara (1979) used the total surface area of the
particles, but this usually requires the assumption to be
made that the particles are spherical. An alternative is
relative breakage, Br, proposed by Hardin (1985) and
which is deﬁned in Fig. 17. This method essentially ignores
the ﬁnes, and Hardin claimed that this was justiﬁed on the
basis that they did not contribute to the breakage. It also
has the convenient feature that the breakage can be
assessed only using sieving. The assumption that the ﬁnes
do not contribute to the breakage has been conﬁrmed for
this silty sand.
For a comparison with previous data, the values for Br
are plotted in Fig. 18, where they are compared with data
from Coop and Lee (1993) for a poorly graded carbonate
sand (Dogs Bay sand, D50¼0.28 mm) and for a poorly
graded quartz sand (Ham River sand, D50¼0.27 mm). The
data from the oedometer tests have been plotted by
assuming K0¼1sin f0 in the calculation of p0. The data
seem to indicate unique amounts of breakage on the
Critical State Line and one-dimensional Normal Compres-
sion Line, and there is little scatter in the data that might
indicate some inﬂuence of the initial density on the amount
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also show that as for the other sands tested by Coop and
Lee, the breakage is very sensitive to the shear stress
applied at any given p0, so that under isotropic loading
there is little breakage even at nearly 4 MPa. Detailed
comparisons of the Dogs Bay and the Ham River sands
are complicated by the differences in initial particle size
distribution and mineralogy, but it is interesting that the
critical state data for this mixed quartz/calcite soil plot
between those for the other two sands.
The data shown in Fig. 18 are only for states at the end
of the test, and therefore, represent the breakage at the
maximum stress level reached in an oedometer test or the
maximum shear strain in a triaxial test. Others (Roberts
and de Souza, 1958; Coop and Lee, 1993) have found that
the start of signiﬁcant particle breakage in sands corre-
sponds to the steepening of the compression paths or the
critical state line in the e:ln p0 plane. Here, the data are
limited, but they do indicate that the onset of signiﬁcant
particle breakage is very gradual, perhaps corresponding
to the gently increasing curvature of the compression paths
in Fig. 3 and the Critical State Line in Fig. 7. In neither
case is there a well-deﬁned steepening of the line as is
often seen for sands. In their tests on non-plastic sand–silt
mixtures, Carrera et al. (2011) found that there was no
detectable particle breakage, indicating that the increasing
gradient of the compression paths and the critical state
lines on the e:ln p0 plot is not necessarily associated with
the onset of breakage in all non-plastic soils.
10. Conclusions
The investigation of the mechanics of a silty sand,
presented in this paper, has conﬁrmed that, in this case,
the presence of the silt has little impact on the patterns of
behaviour seen, with unique Normal Compression andCritical State Lines, although the grading causes them to
be ﬂatter than for clean sands. The position of NCL in the
e:ln p0 plane is characterised by a relatively low gradient
and intercept, and thus, is comparable to other well-graded
sands. The Critical State Line gradient in the e:ln p0 plane
is constant at higher stress levels, while it curves towards a
horizontal asymptote at lower stress levels and can be
approximated by the equation proposed by Li and Wang
(1998). In the q:p0 plane, the gradient of Critical State Line
M is equal to 1.40, corresponding to a Critical State angle
of shearing resistance, f0cs, of 34.61.
The similarity of the mechanics of Bosˇtanj silty sand
to that of clean sands extends also to the stiffness, which
was found to be controlled by the state in the e:ln p0 plane
and how that state was reached, either by compaction
or overconsolidation. These similarities in the basic
mechanics of silty and clean sands are attributed to the fact
that there is signiﬁcant particle breakage in this soil, and
thus, transitional behaviour was not observed; Altuhaﬁ and
Coop (2011) found that transitional, or non-convergent,
compression behaviour was seen in well-graded sands for
which there was no measurable breakage. An analysis of the
particle breakage revealed that it occurred predominantly in
the coarse fraction. The grading curves after loading con-
verged towards 1 mm, which may indicate the comminution
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